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AHHOTail,HiI 

B flaHHoft pa6oTe noKasano KaK c noMomtK) rpynnbi sepKajibHtix 

CHMMeTpHH CcJjOpMHpOBaTB MaKCHMajIbHO BOSMOJKHyK) CHCTCMy JIH- 

HeiiHO HesaBHCHMtix TpHBHajitHbix BeKTopHbix nojieii HeneTHOMepHOH 

Ccjjepbl npOHSBOJIBHOH paSMepHOCTH. 

1 HocTaHOBKa 3a/i,aHH h onpe^ejieHna 

Heo6xoflHMaa HaM rpynna sepKajibHbix CHMMeTpHH BOSHHKaeT npn pemeHHH 
KOHKpeTHoii aa^aHH, no3TOMy c(J)opMyjiHpyeM cnanajia npo6jieMy. Xopomo 

H3BeCTH0, HTO TpHBHajIbHblX BeKTOpHblX nOJIGH HGTHOMepHblX C(J)ep HG Cy- 

mecTByeT, a MaKCHMajibHoe hhcjio peryjiapHbix jiHHeiiHO neaaBHCHMbix bgk- 
TopHbix nojieii He^eTHOMepnoH c(J)epbi S"'~^ pasHO p{m) = 8d + 2'^ — 1, rp^e 
c = \m\ mod 4, m = 4(i+c, n = (2a+l)2™, m, a e N. OKomaTejibHoe peme- 
HHe 3T0H aa^a^H nanijio OTpa>KeHHe b paSoTe A^aivica \4\. B cboio onepeflb, 
Amhhob b MOHorpa(J)HH [F] noKaaaji KaK c(|)opMHpoBaTb, T.e. nojiyHHTb b sb- 
HOM BH;i;e, nojiHyio CHCTeiviy peryjiapHbix JiHHeiiHO neaaBHCHMbix BCKTopHbix 
nojieli He^eTHOMepHbix c(J)ep Majioii pasMepnocTH. HonpoSyeM 4)opMajiH30- 
BaTb H o6o6mHTb SMnHpH^ecKHH peayjibTaT, nojiy^ennbiH AMHHOBbiM. 

HycTb B eBKjiH^OBOM npocTpancTBe pasMepnocTH n = 2"^ ypaBHenn- 
GM = 1 3a;i;aHa c(J)epa 5*""^, na KOTopoii jigjkht npoHSBOJibHbiH BeKTop 
X. OpToroHajibHoe k X BeKTopnoe nojie AX, rjifi A - onpeaTop npocTpan- 
CTBa EndM"^, nasbiBaeTca peryjiapHbiM BeKTopHbiM nojieivi c4)epbi S*"^"^. Ho- 
CKOJibKy {AX,X) = 0, TO A 3T0 KOCOCHMMeTpHHHbiH onepaTop, H nOSTOMy 
B MaTpHHHOM npe^CTaBjieHHH A'^ = —A. riepefl HaMH ctoht sap^ana — Haii- 
TH H npe;i;cTaBHTb JinneHHO neaaBHCHMyio cncTeiviy peryjiapHbix BCKTopHbix 
nojiefl. OnepaTopbi, (|)opMHpyioiii;He sth nojia, mm Syfleivi HCKaTb cpe;i;H opTO- 
roHajibHbix onepaTopoB, a ycjiOBne jiHHeHHoii neaaBHCHMOCTH saMenHM ycjio- 
BHGM nonapnoii opToronajibHOCTH. Tor^a, ecjiH A G 0(n), to KOCOCHMMeT- 
pH^HOCTb opToronajibHoro onepaTopa A SKBHBajieHTna ycjiOBHio A~^ = —A 
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HJiH = -E. B TO jKe Bpeivia, ecjin A, A' e 0(n), = {A'f = -E n 
BbinojiHaeTca ycjiOBne opToronajibHOCTH nojieii AX h A'X, to b CHJiy tojk- 
/^ecTBa {A'X, AX) = {A*A'X,X) = = Mbi nojiy^HM ycjiOBHe 

(AA')"^ = ~E, H3 KOToporo cjie^yeT paBHOCHjibHoe eiviy ycjiOBne aHTHKOMMy- 
TaTHBHOCTH onepaTopoB A' A = —AN . HxaK, naM HeoSxo/iHMO HaiiTH MaxcH- 

IViajIbHO BOSMOJKHOe HHCJIO OpTOFOHajIbHblX KOCOCHMMeTpHHHblX HonapHO aH- 

THKOMMyTHpyioinHx onepaTopoB, hjih HHane, opToronajibHbix KOCocHMMeT- 
pHMHbix onepaTopoB, BCHKoe nonapHoe npoHasefleHHe KOTopbix laKJKe koco- 

CHMMexpH^HO. 

ripejKfle HGM B3flTbCfl 3a pemeHHe nocTaBjreHOH 3a/xaMH, nanoMHHM BaM, 
HTO ^0Ka3aTejibCTB0 cymecTBOBaHHa TpHBnajibHbix BeKTopnbix nojieii neneT- 
HOMepHbix ccjjep ocHOBano na cymecTBOBannH roMOTonnoro TOiK^ecTBenHOMy 
aHTHno^ajibHoro OTo6pa>KeHHa HeneTHOMepHbix cc|)ep. 06paTH0, OTcyTCTBne 
BCKTopHbix nojieii neTHOMepHbix cc|)ep CBa3aH0 c OTcyTCTBHCM roMOTonnoro 
TOJK^ecTBeHHOMv aHTHno,T,ajibHoro OTo6pa>KeHHa ^eTHOMepHbix c(J)ep. Bivie- 
CTe c TBM, BcaKaa ccjjepa S""^^ roivieoMopcjjiia rpaHHii;e n-Mepnoro napajijiejie- 
nnne^a, h no3TOMy cymecTBOBaHne (oTcyTCTBne) TpHBnajibHbix BCKTopHbix 
nojieii c4)epbi 8"^^^ 3KBHBajieHTH0 cymecTBOBaHHio (oTcyTCTBHio) fomotoh- 
Horo TOJKflecTBeHHOMy aHTHnoflaJibHoro OTo6paJKeHHfl rpaHHn,bi n-Mepnoro 
napajiJiejienHne/ta. SaivieTHM npH stom, hto rpynna h30mop(J)H3mob rpann- 
n,bi n-Mepnoro napajiJiejienHne^a pabna rpynne MonoMHajibHbix no^CTano- 
BOK 6a3Hca npocTpancTBa R", T.e. ona coctoht h3 MaTpnii;, b KajK^on CTpoxe 
H KaiK^OM CT0Ji6ii;e KOTopbix no o^noMy nenyjienoMy 3JieMenTy pannoMy 1 
HJIH —1, H no3TOMy H30Mop4)na cnjieiennoMy npoHSBeflennio ^2 I Sn- Mno- 
jKecTBO H30Mop4)H3MOB rpannnbi n-Mepnoro napajurejiennnefla no CBOHCTsy 
coxpanenna hjih H3MenenHa opHenTan,HH rpanHn,bi pa36HBaeTca na flsa Kjiac- 
ca OTo6pa5KeHHH, a HMenno, na KJiacc roMOTonnbix h KJiacc neroMOTonnbix 
TOJKflecTBennoMy OTo6pa>KeHHH. HpHHa^jieiKHOCTb k TOMy hjih nnoMy KJiac- 
cy onpeflejiaeTca fleiepMnnanTOM MaTpHn,bi npeflCTaBjienna H30Mopc|)H3Ma, 
T.e. pasencTBO ^eTepMnnaHTa MaTpniibi eflHnHn,e 03naHaeT npnna^JiejKnocTb 
cooTBeTCTByiomero H30Mop4)H3Ma K Kjiaccy roMOTonnbix TOiKflecTsennoMy 
OTo6pa>KeHHH, a paBencTBO —1 osnanaeT npHHa;i;jie>KHOCTb k KJiaccy neroMO- 
Tonnbix TOJKflecTBennoMy OTo6pa>KeHHH. OTKy^a nonaTHO, hto cyin;ecTBOBa- 
HHe (oTcyTCTBHe) roMOTonnoro TOJKflecTBennoMy anTHno^^ajibnoro OTo6pa- 
jKenna rpanHiibi n-Mepnoro napajijiejiennnefla onpe^ejiaeTca .TeTepMnnan- 
TOM flHaronajibnoii MaTpni^bi, see 3JieMenTbi KOTopoii pasnbi —1, T.e. 3to 
CBOHCTBO CBasano c neTHOCTbio HHCJia n. B cbok) OHepe;i;b, ;i;jia Bcaxoro neT- 
Horo n Bcer^a cymecTByeT h30mop4)H3m rpaHHii;bi n-Mepnoro napajijiejienn- 
ne^a, KBa^ipaT KOToporo paBen anTHno^ajibnoMy OTo6pa5KenHio. /^eiicTBH- 
TejibHO, /iJia 3Toro ;i,ocTaTOHno B3flTb Taxyio MonoMnajibnyio no^CTanoBKy 
6a3Hca M", KOTopaa b npoH3BOJibnoM pa36HenHH 6a3Hca {{ej)}n na nene- 
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peceKaiomHeca napbi (6^,6^) ocymecTBJiaeT Bpamenne (ej,efc) t-^ (cfc, — Cj) 
Bcex nap pa36HeHHa. C ^pyroii CTopoHbi, MaTpHii;bi npe^CTaBJieHHa naoMop- 
c|)H3M0B rpaHHn,bi ra-Mepnoro napajiJiejiennnefla, KBa^paT KOTopbix paseH 
aHTHno/iajTbHOMv OToSpaxceHHio, npHHaji,jTejKaT SO{n) h hm cooTBeTCTBy- 
lOT peryjiflpHbie BeKTopHbie uojin cooTBeTCTByiomeH HeHeTHOMepHoii ccjjepbi. 
Cjie;i;oBaTejibHO opToronajibHOCTb napbi TaKHx nojieii npHBO^HT k TOiviy, hto 
KBa^paT KOMno3Hii;HH cooTBeTCTByioinHx HM H30Mop4)H3MOB rpaHHii;bi napaji- 
jiejienHne^a paBen anTHnoflajibHOMy OTo6pajKeHHio. TaKHM o6pa30M, MaKCH- 
MajTbHoe HHCJio nonapHO opToroHajibHbix BeKTopHbix no.rreii HeHeTHOMepHoii 

C4)epbl iS""^ B TO^HOCTH paBHO IViaKCHMajIbHOMy MHCJiy COOTBeTCTByiOmHX 

H30Mop4)H3MOB rpaHHii;bi n-MepHoro napajijiejiennne^a. 

HTaK, npocTpancTBO onepaiopoB, (jjopMnpyiomnx peryjiapnbie BCKTop- 
Hbie nojia cc|)epbi mm 6y^eM HCxaTb b HeKOTopoii no^rpynne M[n) rpynnbi 

MOHOMHajIbHblX nOflCTanOBOK, COCTOamefl HCKJIIOHHTejIbHO H3 CHMMeipHM- 
HblX H KOCOCHMMeTpHHHblX MaipHU,, T.G. MaipHU,, KBa^paT KOTOpblX paBGH 

E HJiH —E. riycTb rpynna M(2™^) nopojK^aeTca 2m-3JieMeHTHbiM MHOJKe- 
CTBOM {Ai, . . . , Ami Bi, . . . , -Bm}, TflG — 6jiOHHO-^HaroHajibHaa MaTpHii;a, 
cocToamaa h3 pacnojioiKenHbix no ^naronajin KBa^paTHbix Maipnn; nopa^Ka 
k — 2'^, HMeion],Hx nenyjieBbie sjieMCHTbi Be3fle KpoMe no6oHHOH flnaronajiH, 
na KOTopoii pacnojioJKenbi k e^nnnn,, a Bi — ;i,HaroHajibHaa MaTpHn,a, ^naro- 
najib KOTopoii 3anojiHeHa nocjie^OBaTejibnocTbK) HepeflyiontHxca 2*~^ eflnnnn, 
H 2*~^ e^nnnn; co 3HaK0M Mnnyc, npnneM nepBbie 2*~^ eflnnnn; flnaronajin 
HMeiOT 3HaK njiioc. Hnane roBopa, onepaTop A^ ^eiicTByeT na R" Tax, hto b 
KajKflOM noflnpocTpancTBe R'^, na KOTopbie oho pacKjiaflbiBaeica b npaMyio 
cyMMy, HMeeT mgcto 3epKajibHoe OTpajKenne, T.e. nepecTanoBKa Bcex nepBbix 
KOop^nnaT c nocjie^HHMH, BTopbix c npeflnocjieflHHMH, h Tax ^ajiee. B cbok) 
OHepe;i;b, onepaTop Bi ;i;eHCTByeT na Tax, hto b KamjipM no^npocTpan- 
CTBe R'^ HMeeT MecTO 3epKajibHaa nnBepcna, T.e. H3MeHeHHe 3HaKa BTopoii 
nojiOBHHbi KOopflHHaT. TeM caMbiM, rpynny M(2"*) mojkho Ha3BaTb spynnou 
aepnaAhHux cuMMempuu. 

KaK jierKO npoBepnib, Bce renepaTopbi rpynnbi M(2'") anjiaiOTca opio- 
FonajibHbiMH CHMMeTpHHHbiMH onepaTopaMH (A? = Bf = E fljia Bcex i), 
KOTopbie jih6o KOMMyTHpyiOT jih6o anTHKOMMyTHpyiOT, a HMenno, AiAj — 
AjAi, BiBj ~ BjBi j^jisi Bcex n AiBj — —BjA^ ecjin i > j, no 
AiBj = BjAi ecjTH i < j. HycTb npoH3BOJibnbiH onepaTop C, B3aTbiH h3 
rpynnbi sepxajibnbix CHMMeTpnii, pa3Jio>Ken b neKOTopoe npon3BeflenHe re- 
nepaTopoB. Tor^a, ;i;jia Toro HTo6bi BbiacnnTb, anjiaeTca jih C CHMMeTpnH- 
nbiM HJIH KOCocHMMeTpHHHbiM opToroHajibHbiM OHepaTopoM naM neo6xoflH- 
MO BHHCJiHTb HeMy paBeH KBa^paT onepaTopa C, T.e. ycTanoBHTb paBencTBO 

= E HJTH = ~E. Ylpemjie ncero 3aMeTHM, ^ito npn nepecTanoBKe 
npoH3BOJibnoH napbi renepaiopon pa3Ji0JKenHa onepaiopa C mm nojiynnM 
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HOBbiH onepaTop C", KBa^paT KOToporo no-npejKHeMy paBen KBa;i;paTy one- 
paTopa C, T.e. (C)^ — C^. HycTb b peayjibTaTe KOMno3Hii;HH nepecTanoBOK 
renepaTopoB paajioJKeHHa onepaTopa C oh npHBe^eH k BH^y C — AB, r^e 
HH B npoHSBe^eHHH A HH B npoH3Be,T,eHHH B HBT reHcpaTopoB c noBTopa- 
lomHMHca HH/teKcaMH. KBa/ipaT onepaTopa C (paBHO KaK h C) saBHCHT ot 
nepecTaHOBOHHbix cbohctb onepaTopa AB. ^eiicTBHTejibHO, ecjin BA = AB, 
TO {Cy — E, a ecjiH BA — —AB, to (C)^ = —E. B cbok) onepe^b, nepe- 
CTaHOBOMHbie CBOHCTBa onepaTopa AB onpe^ejiaioTca HeTHOCTbio MHCJia 5, 
paBHoro KOJiH^ecTBy Bcex bosmojkhbix nap AiBj b npoH3Be/ieHHH AB, hh- 
/],eKCbi KOTopbix y^OBjiGTBopaiOT ycjiOBHK) i > j. TaKHM oSpaaoM, b CHjiy 
paBGHCTBa BA = (—IYAB cnpaBefljiHBa 4)opMyjia 

= {ABf = {-l^E. (1.1) 

A6cTpaKTHoe npe^CTaBJienne rpynnbi aepKajibHbix CHMMeTpHfi mojkho 
flaxb c noMombK) 2m + 1 o6pa3yiomHx h cooTHomeHHii: 

M(2"*) ~ ((ai, . . . , a^), {h, bm), e\a\ = h] ^ ^ e, 

ttittj — ttjUi, bibj — bjbi, eai — a^e, ebi — bi£, 

Qibj — bjaiii < j, aibj — ebjaiii > j) 

L[eHTp rpynnbi M(2"*) coctoht h3 flbyx 3JieMeHT0B {e, e}. O^naKO a6cTpaKT- 
Hoe 3a^aHHe rpynnbi 3epKajibHbix CHMMeTpnii ne Bnojine yflo6HO, n nosTOMy 

Mbi BOcnojTb3yeMca ee npe;i,CTaB.^eHi-ieM b BH,T,e Hea6ejTeB0H a/i/iHTHBHOH rpyn- 
nbi. IlycTb na rpynne x Zj" 3a;i,ana 4)ynKn,Ha a, npnnnMaiomafl 3nanenHe 
HjiH 1 B cooTBeTCTBHH c OTo6pajKenHeM 

2 i m 

a : Z^xZ™ Z2 : a{a,b) = ai6i + a2^6jH haj^fej-H ha^^^i, 

111 

(1.2) 

rfle ttj 3T0 cooTBexcTByiomaa KOMnonenia sjieMenia a a bj 3to cooTBCTCTBy- 
ioni;aa KOMnonenTa b, n r^e no;i;pa3yMeaeTca cyMMnponanne e^nnnn; n nyjien 
no MOflyjiK) 2. Hanpniviep, ecjin m = 5, to a(a,b) — aibi + 02(61 + 62) + 
03(^1 + 62 + 63) + 04(^1 + &2 + 63 + h) + asih + 62 + &3 + 64 + 65) ■ IlocKOJibKy 
B cyMMy a{a, b) BRjuo^aiOTca tojibko Taxne paBHbie e^nnnite npoH3BeflenHa 
aibj, fljia KOTopbix Bbinojineno ycjionne i > j, to a{a,b) = \6\ mod 2, r^e 
HHCJio 5 paBno KOJiHHecTBy Bcex Tex nap e^^nnnn; sjieivieHTa rpynnbi, KOTopbie 
npnna^jiejKaT pa3HbiM KOMnonenTaivi npoH3BefleHHa Z^ x Z^ n hbh nn^eK- 
cbi yflOBJieTBopaiOT cooTHoniennio i > j. Teu caMbiM, ecjin a(a,b) = 0, to b 
a6cTpaKTH0M npe^CTajiennn rpynnbi 3epKajibnbix CHMMeTpnii cooTBCTCTBy- 
lomee npoH3BeflenHe KOMMyinpyeT, T.e. ba = ab, ecjin yKe a{a,b) = 1, to 
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ba = eab. B cbok) OHepe;i;b, ecjiH a{a',b) = 0, to aba'b' = aa'bb', ecjin jkg 
a{a,b') = 1, TO aba'b' = eaa'bb'. Cjie^OBaTejibHO rpynna sepKajibHbix chm- 
MGTpHH H30Mop4)Ha rpynne 

Z2 X (Z™ X Z^) , 

B KOTopoH npoH3Be;i;eHHe (cjiojKeHne) sjieivieHTOB (s, a, 6) h {s', a', b') aaflano 
(i)opMyjiOH 

(s, a, 6) + (s', a , b') = (s + s' + a(a', 6), a + a', 6 + 6'), (1.3) 

r;i;e OToGpajKenne a, kohghho jkg, ne sBJiaeTca roMOMop4)H3MOM. ^ajiee, onn- 
paacb Ha aScTpaKTHoe npe;],CTaBjieHHe rpynnbi M(2'") neaSejieBoft a,jij\wiw- 
HOH rpynnoH, mm Sy^eivi bchkhh (|)aKTopH30BaHHbiH no n,eHTpy ee sjieivieHT a6, 

COOTBGTCTByiOmHH SJieMGHTy (fl, 6) G Z™ X Z™, oSoSHanaTB CHMBOJIOM 

Ffle MyjibTHHH^eKCbi /, J cyTb naSopbi HH;i;eKCOB e;i;HHHii; a h 6 cooTBeTCTBen- 
HO. TaKHM oSpaaoM, HsyneHHe rpynnbi BnyTpennnx aBTOMop(J)H3MOB rpynnbi 
3epKajibHbix CHMMeTpnii mm cbo;i;hm k HayHennio 4)yHKn;HH a, onpe;i;ejieHHOH 
na rpynne Z™ x Z™. 

2 CxeMa pemeHna 3a/i;aHH 

npejK^ie Bcero ycTanoBHM ocnoBHbie CBoncTBa a-^yYiK\xym. 

1. EcjiH B (jjopMyjie 11.21 cnanajia nepeMno>KHTb Bce njienbi a saieM crpyn- 
nnponaTb cjiaraeMbie yjKe npn 6^, to mm nojiynnM (|)opMyjiy 

m m m 

a(a, 6) = ftmOm + bm~i ^ % H h h ^ + h 6i ^ (2.1) 

m— 1 m—i 1 

2. a(a,0) = a(0,6) = 

3. a(a, 6 + a', 6') = a(a + a' ,b + b') = a{a, b) + a(a', 6') + Q;(a, b') + a(a', 6) 

4. HocKOJibKy npn jiio6om (J)nKCHpoBaHHOM nenyjieBOM anaHennn a (J)yHK- 
n,Ha a (a, b) panna cyMMe no MO^yjiio 2 nexoTopbix (nnojine onpe^ejien- 
nbix) KOMnonenTOB fe, to Q;(a, 6) = 1 ^jih Bcex Tex 2*""^ ananennii 6, 
fljia KOTopbix yKaaannaa cyMMa pabna e;i;HHHn;e, n a(a, 6) = fljia Bcex 
Tex 2™~^ anaHennn 6, ;i;jia KOTopbix ona pabna nyjiio. Anajiornnno, npn 
jiioSoM 4)HKCHpoBannoM nenyjienoM ananennn b mm nojiy^HM 2"^"^ ana- 
nennn a, ^jih kotopmx a(a, 6) = 1, n 2"^"^ ananennn a, ^Jia KOTopMx 
a(a, fe) = 
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5. TaK KaK mm HMeeivi 2™ — 1 HenyjieBbix SHaHenHH a{b), to 4)yHKii;H5i 
a{a,b) npHHHMaeT e^HHHHHoe SHaneHHe na 2"*~^(2"* — 1) pasjiHHHbix 
apryMBHTax 

6. EcjiH a{a, b) = a{a', b') = 1, to paBencTBa a{a, b+a', b') = In a{a, b') + 

Q!(a', h) — 1 paBHOCHJIbHbl 

7. EcjiH (a, 6) = T.e. a m b paBHbi ajieivieHTaM c eflHimueM b i-ofi 
KOMnoHBHTe H HyjisMH BO Bcex ocTajibHbix KOMnoHBHTax, Tor^a a{i\i) — 
ttibi = 1 

8. EcjiH = + r^e i < j, to a{i,j\ij) = aA + a^ipi + 
6,) = 1 

Tenepb nania 3a;i;aHa CBOflHTca k TOMy, htoSm BbiSpaTb MaKCHiviajibHO bo3- 

MOJKHOe MHOJKeCTBO {(o, &)}p(m) SJieMGHTOB X Z™, JiflU KOTOpblX BbinOJI- 

HaiOTca ycjiOBHfl a{a' ,b') = a{a",b") — In a{a',b' + a",b") = 1, r^e 
{a' ,b'), {a" ,b") e {{a,b)}p(^rn)- OflnaKO, npe>Kfle hbm o6paTHTbca k npoH3- 
BOJibHOMy TO, BOcnojibsyeMca ochobhmmh CBoiiCTBaMH Q;-4)yHKn,HH h peniHM 
aa^any b cjiynae m = 1,2, 3, 4. 

HycTb TO = 1. Torfla b rpynne Z2 x Z2 HMeeTca tojibko o^hh 3JieMeHT 
(1|1), na KOTopoM 4)yHKii;Ha ct npHHHMaeT e^HHHHHoe aHaneHHe. Cjie^OBa- 
TejibHO fljia BcaKoro seKTopa X — (Xi,X2), Jie>Kain,ero na S^, mm nojiyMHM 
OflHO opToronajibHoe eMy BeKTopnoe nojie AiBiX — (—X2,Xi). 

HycTb TO = 2, rfle (J)yHKn;Ha a npHHHMaeT e;i;HHHHHoe anaHenne na me- 
CTH CBOHx apryMeHTax. HpeflCTaBHM 4)yHKn;Hio a, onpeflejiennyK) na rpynne 
Z| xZ|, Ta6jiHn;eH ee anaHennH, jie5Kani;Hx na nepeceHennn CTpoK n CTOJi6n;oB, 
rfle CT0Ji6n,M cooTBexcTByiOT ajieMeniaM b a cipoKH - ajieMeniaM a, aann- 

CaHHMM B BHfle flBOHHHOH 3anHCH HOMepOB CT0Jl6n,0B H CXpOK (oT flO 4), 

npn^eM CTapniHii paapa/i cooTBeTCTByex BxopoMy HH/teKcy a Mjia^niHii - nep- 
BOMy. Tor^a jierKO nojiynnTb Tpn sjieMeHTa, paBnue {(1|1), (2|2), (1,2|1,2)} 

(b flBOHHHOH c|)OpMe OHH HMeiOT BHfl { (0 1 , 1) , ( 10, 10) , ( 1 1 , 1 1) }) , KOTOpbie 

o6flaflaiOT xeM cbohctbom, mto hx nonapnbie npoH3BefleHHa (cyMMbi) xaK- 
xe OTo6pa>KaiOTca 4)yHKn,HeH a b eflHHHn,y. ^eflcTBHTejibHO, nepebie ^Ba 
3JieMeHTa mojkho Bbi6paTb b CHjiy CBoncTBa 7 Q;-4)yHKn,HH, a TpexHii sjie- 
MenT, c yneTOM paBencTBa a + a = 6 + 6 = Ohb cnjiy CBoiicTBa 2, ne 
flOJiiKen jiejKaTb na CTpoxax n CT0Ji6n;ax c noMepaMH 0,1,2, no MOJKeT Jie- 
jKaTb Ha nepeceMeHHH cxpoKH h CT0Ji6n,a c HOMepoM 3. Ho 3tot Bbi6op cjie- 
flyex ein,e noflXBep^HTb. ^Jia 3Toro Heo6xoflHMO, nocjieflOBaxejibHO CKjiaflbi- 
Baa sjreMeHT (11,11) c yjKe Bbi6paHHbiMH sjieMenTaMH, npoBepHTb cvmmm 
3THX nap sjieMeHTOB na npe^MeT paBencTBa 4)yHKn;HH a ot hhx eflHHHn;e. 
B CHJiy CBOHCTBa 6, coBMecTHOCTb TpeTbero 3JieMeHTa c yjKe Bbi6paHHbiMH 
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3JieMeHTaMH mojkho TaKJKe npoBepHTb npn noMomn TecTa na snaHeHHe a- 
c|)yHKii;HH B BepniHHax npaMoyrojibHHKa c ^ByMa flHaronajibHO pacnojiOiKeH- 
HbiMH BepniHHaMH B npoBepfleMoii nape 3jieMeHT0B. TaKHM o6pa30M, ^jih 
BCflKoro BeKTopa X = {Xi, X2, Xs, X4), jie>Kamero na 5''^, mm nojiynnjiH 
TpH opToroHa.rrbHbix eiviy BeKTopnbix nojia AiBiX = (— X2, Xi, — X4, X3), 
A2B2X = (-X4,-X3,X2,Xi), A.A^B.B^X = {-Xs,X,,X,,-X2), koto- 
pbie opToronajibHbi flpyr flpyry. 
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IlycTb m = 3, r,T,e 4)yHKTiHH a, onpe/^ejienHaa na rpynne Z| x 
npHHHMaeT e^HHHHHoe anaMeHHe na 28 cbohx apryivieHTax. 3a- 
fla;i;HM ee Ta6jiHHHoe npe^CTaBJieHne h b cooTBeTCTBHH c panee h3- 
jiojKeHHOH MeTO^HKOH HafifleM 3JieMeHTbi, coBMecTHbie c aaflaiomHMH 
3JieMeHTaMH {(1|1), (2|2), (3|3)} (b abohmhoh 4)opMe ohh hmbiot bh^ 
{(001, 001), (010, 010), (100, 100)}). TeM ca.MbiM, mm nojiy^HM MaKCHMajib- 
Ho B03MOJKHoe MHOJKecTBO 3JieMeHT0B, BonapHbie npoH3BefleHHa (cyM- 
Mbi) KOTopbix OTo6pa5KaiOTca 4)yHKii;HeH a b 1, a HMenno, ceMb 
3JieMeHT0B {(1|1),(2|2),(3|3),(1,2|1,2,3),(1,3|1,2),(2,3|1,3),(1,2,3|2,3)}, 
B ffBomnom 4)opMe HMeioiu,Hx bh;], {(001, 001), (010, 010), (100, 100), 
(Oil, 111), (101,011), (110, 101), (111,110)}. Cjie^OBaTe^TTbHO BCHKoro 
BGKTopa, X = (Xi, X2, X3, X4, X^, Xq, X7, Xs), jiejKamero na S'^, mm no- 
jiyHHM ceMb opToroHajibHbix eMy BeKTopnbix nojiefi 

AiBiX — {—X2,Xi, —X^jX^, —XqjX^, —Xs,Xy), 

A2B2X = (— X4, —X3, X2, Xi, —Xg, —Xt, Xq, X5), 
A3B3X = {—Xg, —Xy, —Xq, — X5, X4, X3, X2, Xi), 
A1A2B1B2B3X = (— X3, X4, Xi, —X2, X-j, — Xg, — X5, Xg) 
A1A3B1B2X — (— X7, X5, X5, — Xe, — X3, X4, Xi, — X2), 
A2A3B1B3X — {—X5, Xq, —X7, Xs, Xi, —X2, X3, —X4), 

A1A2ASB2B3X — {—Xq, — X5, Xg, X7, X2, Xi, —X4, — X3), 

KOTopbie opToronajibHbi flpyr flpyry. 
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IlycTb m = 4, r^e 4)yHKii;H5i a npHHHMaeT e^HHHMHoe SHaneHHe na 
120 3JieMeHTax rpynnbi Z| X Z^. EcjiH aa^aTb ee Ta6jiHHHoe npe^CTaB- 
jieHHe, TO B peayjibTaTe nocjieflOBaTejibnoro noHCKa 3JieMeHT0B, coBMecT- 
Hbix c s.rreMeHTa.MH {(1|1), (2|2), (3|3), (4|4)} (b /[bohmhoh (J)opMe ohh hmb- 
lOT BJiji {(0001, 0001), (0010, 0010), (0100, 0100), (1000, 1000)}), Mbi nojiy™ 
8 sjieMeHTOB, a HMeHHO, {(1|1), (2|2), (3|3), (4|4), (1, 2|1, 2, 3), (1, 3|1, 2, 4), 
(2, 3|1, 3, 4), (1, 2, 3|2, 3, 4)} (b ^bohhhoh ^opMe ohh hmbiot bh^ {(0001, 0001), 
(0010, 0010), (0100, 0100), (1000, 1000), (0011, 0111), (0101, 1011), (0110, 1101), 
(0111,1110)}), KOTopbie o6jiaflaiOT tbm cbohctbom, mto hx nonapnbie npo- 
H3BefleHHa (cyMMbi) TaKJKe OTo6pa>KaiOTca 4)yHKitHeH a b eflHHHn,y. KpoMe 
Toro, OHH oSjia^aiOT TaKHM aaivieMaTejibHbiM cbohctbom, hto cyMMa ho mo- 
flyjHO 2 Bcex komhohchtob b npoHSBOJibHoro ajieMCHTa (a, b) h3 MHOJKCCTBa 
{(a, 6)}p(4) Bcer^a paBna eflHHHH;e. Hiviea b BH^y cootbctctbhc 3JieMeHT0B 
(a, b) onepaTopaM AB, mm jierKO nojiy^HM boccmb opToronajibHbix flpyr flpy- 
ry BCKTopHbix nojieii c(J)epbi 5"^^. 

IlycTb Tenepb m hpohsbojibho, hphhcm m = Ad + c, r^e c = 0,1,2,3. 
Cjiynan m < 4, b KOTopbix d — a c — 1,2,3 m d — lac = mm 
jme paccMOTpejiH, H03T0My nycTb m > 4. Tor^a mhojkcctbo {(a, 6)}p(^) 

COCTOHT H3 HO^MHOJKeCTBa {(o, 6)}p(4) H H3 aaHHCaHHMX B flBOHMHOH 4)0pMe 

3JieMeHT0B (a', b') BH^a 

(2^^+^a + 2^^x(«),2''+'^'), 

r^e k — 1, . . . ,d; ^HCKpeTnaa 4)yHKH;Ha x(o) npHHHMaeT nyjiCBoe ananeHHe b 
TOM cjiynae, Korp^a cyMMa ho MO^yjiio 2 Bcex komhohchtob a paBna e^HHHH;e, 
H Hao6opoT, ecjiH sia cyMMa paBna nyjiio, to SHaneHHe (J)yHKn,HH x(a) paBHO 
eflHHHn,e; (a, b) G {(a, &)}p(4) flJia k = 1, . . . , d — 1 h (a, 6) G {(a, 6)}p(c) flJia 
k — d, HpHHCM, p{0) — 0. KaK jierKO npoBcpHTb, a{a',b') — Ian CHJiy Toro, 
HTO cyMMa HO MOflyjHO 2 Bcex komhohchtob 6 h a' ho OT^ejibHOCTH panna 

e^HEHIie, (|)yHKH;Ha a OT CyMMbI ^ByX npOHSBOJIbHblX SJieMCHTOB MHOJKCCTBa 

{(a, 6)}p(m) TaKJKC paBHa eflHHHn,e, T.e. mhojkcctbo {{a,b)}p(^m) yflOBjicTBopa- 

CT BCCM HCoSxOflHMMM TpcSOBaHHaM. 
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HTaK, Tenepb Mbi yivieeivi 4)opMHpoBaTb na c4)epe 5*""^ CHCTeMy h3 p{m) 
opToroHajibHbix BexTopHbix nojieii. Cjie^OBaTejibHO b Kamjipm tohkb cd^e- 
pbi MOJKHO 3aflaTb penep h3 p(m) opTOHopMnpoBanHbix seKTopoB, na koto- 
poe HaTflrHBaeTca npocTpancTBO R^'-'^^ opToronajiBHoe eeKTopy X. BcflKoe 
jiHHeHHoe npeoSpasoeaHHe ]Rp(™), 3aji,aHHoe oSpaTHMoit (HeBbipo>K/xeHHOH) 
KBa^paTHOH MaTpHii,eM nopaflKap(m), TpaHc4)opMHpyeT nam opTOHopMnpo- 
BaHHbiii penep npoH3BOJibHbiM o6pa30M, h TeM caMbiM nepebo^HT CHCTeMy 
opToronajibHbix BeKTopnbix nojieii b npoH3BOJibHyio CHCieMy peryjiapnbix 
jiHHeHHO HesaBHCHMMx BCKTopHbix BOJieH c4)epbi 5'""^. Bojiee Toro, ecjTH sjie- 
MeHTbi MaTpHn,bi npeo6pa30BaHHa ]Rp('") HBjifliOTCfl npoHSBOJiBHbiMH Henpe- 
pbiBHbiMH Beiii;ecTBeHH03HaHHbiMH (|)yHKLi,HaMH, onpe^ejieHHbiMH Ha c4)epe, 
TO Mbi nojiyHHM npoH3BOJibHyio CHCTeMy HenpepbiBHbix JinnefiHO He3aBHCH- 
Mbix BCKTopHbix nojiCH c4)epbi 5""^. SaMCTHM TaKiKC, HTO nepcHecTH pe3yjib- 
TaT, nojiyHeHHbiH fljia n = 2"*, na cjiy^aii n = (2a + 1)2"*, ne cocTaBjiaei 
Tpy;T,a, /lOCTaTO^HO pasjioJKHTb npocTpancTBO M" b npaMyio cyMMy (2o+ 1) 
noflnpocTpancTB pa3MepH0CTH 2"*. 



A nceB^oc4)epa 

ripejKfle Bcero 3aMeTHM, mto peryjiapnbie opToronajibHbie BCKTopHbie nojia 
3-MepHOH cc|)epbi HH^yi^npyiOT 3-MepHoe gbrjih^iobo npocTpancTBO. JXeMcTBu- 
TCJibHO, ecjiH na onepaTopbi Gi = AiBi, G2 = A2B2, = A1A2B1B2 iia- 
TanyTb npocTpancTBO (Gi, 6*2) G's)^, cocToainee h3 ajieMCHTOB X = xiGi + 
X2G2 + xsGs, TO X^ — —{xl + xl + xl)E. CjieflOBaTCJibHO TpoiiKa renepa- 
TopoB {Gi,G2,Gs) nopojKflacT KjiaccHMCCKyio ajire6py KjiHc|)c|)opfla, b ko- 
Topyio BKJia^biBaeTca 3-MepHoe cbrjih^obo npocTpancTBO R^, cocToainee h3 
sjieMeHTOB x = ,Tiei + .X2e2 + .T3e3. AnajiornHHO, peryjiapHbie opToronajibRbie 
BCKTopHbie nojia HeHeTiiOMepiioii (n-l)-MepHOM c4)epbi Hii^yiinpyiOT p(m)- 
Mcpnoe CBKjiHflOBO npocTpancTBO. OflflaKO oSpaTHMca k nceB^^occjjepaM, ko- 
Topbie aBjiaiOTca noBcpxHOCTaMH ypoBna 4)yHKn,HH (xi)'^+. . .+(x4)'^ — (x^)'^ — 
...-{xsf. 

riycTb B npocTpancTBe sa^jana MCTpHKa c CHrnaTypoH (+,+,+,+, 
— ,—,—,—). Tor;i;a KacaTejibnoe BeKTopnoe nojie nceB;i;oc4)epbi Sy^eT opTO- 
ronajibHbiM (b SToii MCTpHKe) k npoH3BOJibHOMy BCKTopy X, jieiKameMy na 
neii. /l^Jia Toro MTo6bi cc|)opMHpoBaTb MaKCHMajibHoe hhcjio opToronajibHbix 
X H opToronajibHbix flpyr flpyry peryjiapnbix BCKTopHbix nojieii, o6paTHMca 
K rpynne sepKajibiibix CHMMeTpnii b cjiy^ae m = 3, OTKy^ia mbi h BOSbMCM ne- 
Tbipe (MaKCHMajibHO BOSMOJKHoe HHCJio) peryjiapnbix BCKTopHbix nojia, paB- 

HblX 

GqX — A3X — (Xg, Xj, Xq, X5, X4, X3, X2, Xi) , 
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GiX = AiBiX = {—X2, Xi, — X4, X3, —Xq, X5, — Xg, Xj), 

G2X = A2B2X = {—X4, — X3, X2, Xi, —Xs, —Xj, Xq, X5), 

G^X — A1A2B1B2X — (— X3, X4, Xi, —X2, —Xr, Xs, X5, —Xq). 

JlerKO 3aMeTHTb, hto onepaTopbi {Gq,Gi,G2,Gs) cocTaBJifliOT Ha6op re- 
HepaxopoB ajTre6pbi KjTHcj34)opzi,a. fleiicTBHTejibHO, ecjiH na hhx naTHHyTb 
jimieiiiioe npocxpaiiCTBO {Go,Gi,G2, Gs)^, cocToamee h3 bcktopob X — 
XqGq + XiGi + X2G2 + a;3G3, to = (xq — xf — xl— xl)E, a cjie;i;oBaTejibHO 
Mbi nojiyHHM 16-MepHyio ajire6py, b KOTopyio BKJia^biBaeTca nceB^oeBKJin- 
flOBO npocTpancTBO c CHrnaTypoii (+, — , — , — ). TeM caMbiM, mm c|)aKTH- 
^ecKH nocTpoHjiH cnHHopnoe npe/tCTaBjreHHe nceB,T,oopToroHajTbHOH rpynnbi 
0(1,3). B caMOM jifijie, nycTb g - npoHaBOJibHbiii sjieivieHT rpynnbi BnyT- 
peHHHx aBTOMop4)H3MOB npocTpaHCTBa {Go,Gi,G2,G3)-R, T.e. gXg~^ = Y, 
r^e Y = yoGo + yiGi + ^2^2 + y^G^. Tor^a Y"^ = X^, oTxy^^a = 
rfle x,?/ G M^, H nosTOMy BcaKOMy 3JieMeHTy g, fleflcTByion^eMy conpajKenH- 
GM na {Go,Gi,G2,G-i)^, cooTBeTCTByex neKOTopbin nceB/ioopToroHajibHbiii 
onepaTop A[g), fleiicTByion^HH na laK, mto A{g)x = y, T.e. mm nojiynn- 
jiH roMOMop4)H3M cnHHopHOH rpynnbi b nceBflOopToronajibnyio rpynny, r^e 
OTo6pa>KeHHe, o6paTHoe 3T0My roMOMop4)H3My, n ecTb cnnnopnoe npe^CTaB- 
jienne rpynnbi 0(1,3). 

TaKHM o6pa30M, peryjiapHbie BeKTopnbie nojia nanieii nceB/ioc(J)epbi 
Bnojine MoryT cjiyjKHTb hcto^hhkom npocTpancTBennbix chmmctphh MaKpo- 

H MHKpOKOCMOCa. 
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